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Abstract. In this work, we investigate the dynamical and geometric properties of weak solenoids, 
as part of the development of a “calculus of group chains” associated to Cantor minimal actions. 
The study of the properties of group chains was initiated in the works of McCord |24| and Fokkink 
and Oversteegen m, to study the problem of determining which weak solenoids are homogeneous 
continua. We develop an alternative condition for the homogeneity in terms of the Ellis semigroup 
of the action, then investigate the relationship between non-homogeneity of a weak solenoid and 
its discriminant invariant, which we introduce in this work. A key part of our study is the con¬ 
struction of new examples that illustrate various subtle properties of group chains that correspond 
to geometric properties of non-homogeneous weak solenoids. 


1. Introduction 

Let A be a Cantor set, let G be a finitely generated infinite group, and let $: G x A —>• A be 
an action by homeomorphisms. That is, there is a map $: G —>■ Homeo{X) which associates a 
homeomorphism $( 5 ) of A to each g € G. We adopt the short-cut notation g ■ x = $(g)(a;) when 
convenient. An action (A, G, $) is minimal if for each x G X, its orbit 0{x) = {g ■ x \ g G G} is 
dense in A. In this case, we say that (A, G, $) is a Cantor minimal system. 

Cantor minimal systems (A, G, $) and (y,G, 4') are topologically conjugate, or just conjugate, if 
there exists a homeomorphism t: X such that T(<I>(g)(a;)) = iI'(g)(T(x)). In this paper, we are 
concerned with the classification of Cantor minimal systems up to topological conjugacy, and focus 
especially on invariants of the system for the case when G is non-abelian. 

A topological space S is homogeneous if for every x,y G S there is a homeomorphism h: S ^ S 
such that h{x) = y. One motivation for this work comes from the problem of classifying solenoids 
up to homeomorphism as in mis], and to understand their groups of self-homeomorphisms. 

Recall that a weak solenoid S is an inverse limit of an increasing sequence of non-trivial finite-to-one 
coverings Mg —>■ Mq of a closed connected manifold Mg. The projection /g : 5 —>■ Mg is a fiber 
bundle, whose typical fiber Fq = /(j"^(xo) is a Cantor set, for xg G Mg. The path lifting property 
for the finite covering maps ire induces the monodromy action $ : Gg x Eg —Eg of the fundamental 
group Gg = 7ri(Mg,xg) on the inverse limit fiber Eg. Then (Eg,Gg,$) is a Cantor minimal system. 

A finite covering tti : Mi —>■ Mg is said to be regular if it is defined by a normal subgroup. That is, 
let Xg G Mg be a chosen basepoint, and let Xi G Mi be a lift such that tt^( x^) = xg, then the covering 
is regular if the image of the induced map on fundamental groups, '■ ni{Mi, Xi) 7ri(Mg, xg), 

is a normal subgroup of 7ri(Mg,xg). It is a standard fact (see [23]) that a covering is regular if and 
only if the group of deck transformations acts transitively on the fibers of the covering. 

If each map tt^ : Mi —> Mg in the definition of a weak solenoid 5 is a regular covering, then we say 
that /g : 5 —>■ Mg is a regular solenoid. The fiber Eg of a regular solenoid is a Cantor group, and 
so there is a natural right action of the Cantor group Eg on S which is transitive on fibers, and 
commutes with the left monodromy action of Gg on the fibers. McCord used this fact to show in [24] 
that a regular solenoid S is homogeneous. Rogers and Tollefson [55] subsequently gave an example 
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of a weak solenoid which is defined by a sequence of covering maps which are not regular coverings, 
but the inverse limit space S is still homogeneous. They posed the problem of determining, under 
which conditions is a weak solenoid S homogeneous? 

On the other hand, weak solenoids need not be homogeneous, and examples of such were first given 
by Schori in [28], and later by Rogers and Tollefson in [26]. Fokkink and Oversteegen developed in 
m a criterion for a weak solenoid to be homogeneous, stated as Theorem 11.71 below, formulated 
in terms of the properties of the nested group chain Q = {Gi | f > 0 } of subgroups of finite index 
in the group Go = 7ri(Mo,a:o); where Gi C Go is the image in Go of the fundamental group of the 
covering space Mi. 

The later work of Clark, Fokkink and Lukina [3] gave examples of weak solenoids for which the 
leaves (the path connected components) in the solenoid have different end structures, and thus these 
solenoids cannot be homogeneous. The methods used in this paper were geometric in nature, and 
showed that the geometry of the leaves in a weak solenoid are also obstacles to homogeneity. 

The examples of Schori, Rogers and Tollefson, and Clark, Fokkink and Lukina, suggest a variety of 
questions about the structure of weak solenoids. In this work, we develop tools for their study. 

We recall two properties of a Cantor minimal system which will be important for the following. 
First, a Cantor minimal system (X, G, $) is equicontinuous with respect to a metric dx on X, if for 
all e > 0 there exists ^ > 0, such that for all x, y € X and g £ G we have 

dxix,y)<6 dxig ■ x,g ■ y) < e. 

The Cantor minimal system (Fg, Gg, $) associated to the fiber of a weak solenoid is equicontinuous. 

An automorphism of (X, G, $) is a homeomorphism /i: X —^ X which commutes with the G-action 
on X. That is, for every x £ X and g £ G, g- h{x) = h{g ■ x). We denote by Aut{X, G, $) the group 
of automorphisms of the action (X, G, $). Note that Aut{X, G, $) is a topological group using the 
compact-open topology on maps, and is a closed subgroup of Homeo{X). Given a homeomorphism 
t: X ^ Y which conjugates the actions (X, G, $) and (F, G, dt), then r induces a topological 
isomorphism r* : Aut{X, G, $) = Aut{Y, G, ik). Thus, the properties of the group Aut{X, G, $) and 
its action on the space X are topological conjugacy invariants of the Cantor minimal system. 

An action (X, G, $) is homogeneous if Aut{X, G, $) acts transitively on X, that is, for any y £ X 
there is h £ Aut{X, G, $) such that h{x) = y. We note the following result of Auslander: 

THEOREM 1.1. [U Chapter 2, Theorem 13] Let (X, G, $) be a homogeneous Cantor minimal 
system. Then (X, G, $) is equicontinuous. 

The examples of Schori [28], Rogers and Tollefson in [26], and also those given later in this paper, 
show that the statement of Theorem 1 1.1 1 does not have a converse: there are equicontinuous Cantor 
minimal actions which are not homogeneous. These are the actions of interest for this work. 

The standard technique for analyzing Cantor minimal systems with G = Z is to introduce nested se¬ 
quences of Kakutani-Rokhlin partitions for the action, as used, for example, in the work of Hermann, 
Putnam and Skau |21] . Forrest introduced in [16] an analogous construction of Kakutani-Rokhlin 
partitions for G = Z" with n > 1. For group actions, constructions of Kakutani-Rokhlin partitions 
were given in the work of Gjerde and Johansen and Cortez and Petite [6112]. 

For an equicontinuous Cantor minimal system (X, G, $), there always exists a collection {Pi}i>o 
of Kakutani-Rokhlin partitions, as discussed in Section |3l These partitions are constructed, for 
example, using the method of coding as described in Appendix [A] following Clark and Hurder [4] . 
The elements of G which fix the initial clopen subset C X in the partition Vi form a group Gi, 
called the isotropy group of the action of G at Vj. The assumption that the partitions are nested 
implies that Gi+i C Gi, and thus {Gi}i>o is a nested group chain, as defined below. 

DEFINITION 1.2. Let G be a finitely generated group. A group chain Q = {Gi \ i > 0}, with 
Go = G, is a properly descending chain of subgroups of G, such that |G : Gij < oo for every i > 0. 
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Given a sequence of partitions {Vi}i>Q, the intersection of the initial clopen subsets Vi C X also 
defines a basepoint x = ClVi. Then there exists a homeomorphism 

(p: X ^ Goo = liiR {G/Gi G/Gi-i\ = {(Go,5iGi,52G2, • ■ •) I 9jGi = giGi for all j > f} , 

such that 4>{x) = (eGi), where eGi is the coset of the identity in GJGi, and such that p is equivariant 
with respect to the action of G on X, where the natural left G-action on Goo is given by 

( 1 ) 7 • (giGi) = ("fgiGi), for all 7 G G. 

The dynamical system (Goo, G) is called the inverse limit dynamical system of a group chain {Gi}i>o- 
Such an inverse limit dynamical system is completely determined by the group chain {Gi}i>o, and 
it has a canonical basepoint given by the sequence of cosets (eGi) G Goo- 

The group chain {Gi}i>o associated to a minimal equicontinuous system (X, G, $) is not unique, 
and in particular, depends on the choice of {7^i}i>o and the basepoint point x G X. For this reason, 
we call {Gi}i>o the group chain with basepoint x and partitions {Vi}i>o- A fundamental point is to 
describe the dependence of the group chain on the partitions and on the basepoint chosen, and this 
relationship is made precise in Proposition 13.21 in Section [31 and uses the following two concepts. 

For a given group G, let © denote the collection of all possible group chains in G. 

DEFINITION 1.3. |151126] Let G be a finitely generated group, and let {Gi}i>o and {-ffi}i>o be 
group chains in ©, so that Go = Hq = G. Then 

(1) The chains {Gi}i>o and {-ffi}i>o are equivalent, if and only if, there is a group chain 
{Xi}i>o in © and infinite subsequences {G^lfc^o and {Hj^}k>o such that K 2 k = Gi^. and 
K 2 k+i = Hj^ for k>0. 

(2) The chains {Gi}i>o and {iIi}i>o are conjugate equivalent, if and only if, there exists a 
sequence (gi) G G such that giGi = gjGt for all i > 0 and all j > i, so that the group chains 
{9iGig~^}i>o and {i?i}i>o are equivalent. 

The dynamical meaning of the equivalences in Definition 11.31 is given by the following theorem. 

THEOREM 1.4. [H] Let (Goo,G) and (Hoc,G) be inverse limit dynamical systems for group 
chains {Gi}i>o and in ©. Then the following is true. 

(1) The group chains {Gi}i>o and {Hi}i>Q are equivalent if and only if there exists a homeo¬ 
morphism T : Goo Hoo equivariant with respect to the G-actions on Goo and Hoo, and 
such that 4)(eGi) = (eHi). 

(2) The group chains {Gi}i>o and {i?i}i>o are conjugate equivalent if and only if there exists a 
homeomorphism r : Goo Hoc equivariant with respect to the G-actions on Goo and Hoc- 

That is, an equivalence of two group chains corresponds to the existence of a basepoint-preserving 
conjugacy between their inverse limit systems, while a conjugate equivalence of two group chains 
corresponds to the existence of a conjugacy between their inverse limit systems, which need not 
preserve the basepoint. Here is one application of Theorem ll.41 

COROLLARY 1.5. Let x G X he a choice of basepoint. Then all group chains associated to a 
minimal system (X, G, $) with basepoint x are equivalent. Moreover, if {Gi}i>o is a group chain for 
the action with basepoint x, and y G X, then the equivalence class of group chains with basepoint y 
has a representative of the form {giGig~^}i>o, where {gi} G G with giGi = gjGi for all j > 0. 

The two equivalence relations on group chains in Definition ! 1. 3l were used by Fokkink and Oversteegen 
in m to explain why the examples of Rogers and Tollefson in |26) are homogeneous. This requires 
the following notion, which is Definition 16 in [15] : 

DEFINITION 1.6. A group chain {Gi}i>o is weakly normal, if there exists some index jq > 0 
such that the subchain {Gi}i>ig defines a single equivalence class. 
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This condition can be formulated in terms of the group chains as follows. The group chain {Gi\i>Q is 
weakly normal if there exists an index zo > 0 such that for the restricted action of Gi^ on the invariant 
clopen set all group chains defined by this action for any basepoint y € Vi^ are equivalent. 

Fokkink and Oversteegen proved the following result, which is Theorem 18 in m- 

THEOREM 1.7. Let {Gi}i>o be the group chain associated to a weak solenoid S. Then {Gi}i>o 
is a weakly normal group chain if and only if S is homogeneous. 

It can be a difficult task to show that a given group chain {Gi}i>o is weakly normal, and the first 
point of this work is to obtain a computable invariant of a group chain which reveals whether the 
group chain is weakly normal, or not. Our approach is to recall a notion well-known in topological 
dynamics, and use this to define invariants of the conjugate equivalence class of the group chain. 

Associated to an equicontinuous Cantor minimal system (Al, G, $), there is a compact profinite 
subgroup <&(G) which acts transitively on X. The group $(G) is the closure in the uniform topology 
of the image subgroup $(G) C Homeo{X), and is a special case of the Ellis semigroup associated to 
the Cantor minimal system. This is discussed in detail in Section [2] For x € X, let 

( 2 ) ^^ = {ge^\gix)=x} 

denote the isotropy group at x of the left action of $(G) on X. Then there is a natural identification 
X = $(G)/$(G),j, of left G-spaces. Note that for any y € X the isotropy groups ^{G)^ and 
are conjugate by an element in d)(G). 

Proposition 12.61 below shows that for the study of the orbits of Aut{X,G,^), it suffices to analyze 
the normalizer subgroups in <i>(G) of the isotropy groups ^(G),^, ioi x € X. We use the calculus of 
group chains developed in Section [31 to obtain explicit representations for $(G) and d)(G)^, which 
makes it possible to study the properties of these normalizer subgroups. This is done in Section [4] 
below, and the key results are summarized as follows. 

Let {Gi}i>o be a group chain with partitions {7^i}i>o and basepoint point x G X. For each i > 0, 
the core of Gi in G is the normal subgroup gGig~^. It is immediate that the collection 

g^G 

of cores forms a nested group chain of normal subgroups of G. Then the inverse limit 

(3) Goo = Im {G/G, ^ G/G,_i} 

is a profinite group, called the limit core, and there is a natural coordinate action of G on Goo, given 
by a formula analogous to (H]). The discriminant group of (X, G, $) at x G X is introduced in 
Section m and is a profinite subgroup of Goo such that Gaaj'Dx = Goo- Then we have: 

THEOREM 1.8. Let (X, G, $) he a minimal eguicontinuous dynamical system, and let {Gi}i>o be 
a group chain with basepoint x G X associated to the system. Then there is a natural isomorphism 
of topological groups 4)(G) = Goo such that ‘h(G)^ = Vx. 

Theorem [m can be interpreted as providing ‘coordinate representations’ Goo and Tj, for the Ellis 
group $(G) of (X, G, $) and the isotropy groups 4>(G),j, for x G X. These ‘representations’ depend 
on the choice of partitions {Vi}i>o with basepoint x, and are unique up to a topological isomorphism, 
as described in detail in Section |4l 

We now consider applications of Theorem 11.81 First, there is the following immediate corollary, 
which follows from the fact that for x,y G X, the isotropy groups d)(G)^ and d>(G)^ are conjugate 
by an element of Goo- 

COROLLARY 1.9. Let (X, G, $) be a minimal equicontinuous action, and let {Gi}i>o be a group 
chain with partitions {'Pi}i>o and basepoint x. Then the cardinality of Dx is independent of the 
choice of the partitions and of the basepoint. 

Here is a basic application of Theorem 11.81 which is proved in Section |SJ 
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THEOREM 1.10. Let (X, G, $) he an equicontinuous Cantor minimal system, x € X a basepoint, 
and $(0)^ the isotropy group ofx. Then 

corec = n ^ 

keG 

is the trivial group, and thus the maximal normal subgroup of^{G)^ is also the trivial group. 

It follows that ^(G)^ is a normal subgroup of ‘I*(G) if and only if d’(G)^ is trivial. Thus, if d)(G)^ 
is non-trivial, then X = $(G)/<I>(G),j, does not have a structure as a quotient group, and so d)(G),^ 
can be viewed as a measure of non-homogeneity of the action on X. This leads to the following 
application of Theorems 11.81 and 11.101 

COROLLARY 1.11. Let (A, G, $) be an equicontinuous Cantor minimal system with a group 
chain {Gi}i>o at x, and let be the discriminant group at x. Then (A, G, $) is homogeneous if 
and only if is trivial. 

Recall that a weak solenoid S is regular if all of the coverings in a defining sequence for it are regular 
coverings. Similarly, a group chain {Gi}i>o is regular if each Gi is normal in G = Gq. 

Consider the following property of group chains: 

DEFINITION 1.12. Let (A, G, $) he a minimal equicontinuous action of a finitely generated group 
G on a Cantor set A. Then the action is virtually regular if there is a subgroup Gq C Gq = G of 
finite index such that the restricted chain {G' = G^ fl GQ}i>o is weakly normal in Gq. 

The normal core of the subgroup Gq C G in Definition 11.121 also satisfies the conditions of the 
definition, so we can assume without loss of generality that the subgroup Gq is normal in G. 

Note that a weakly normal chain is always virtually regular, but the converse need not be true. 
The relation between these notions is discussed further in Remark IS.lOl Note that the Rogers and 
Tollefson example in Ell, as given here in Example 1 7. 51 is virtually regular but is not weakly normal. 

Now suppose ^(G),,, is non-trivial for some x € X. Since d)(G),j. is a closed subgroup of a compact 
group $(G), there are two possibilities: d)(G)^ is finite, or d)(G),j, is a Cantor set. 

In the case when is finite. Theorem EH shows that the system (A, G, $) admits a special ‘nice 
group chain’. This is used to show the following result, as shown in Section |6l 

THEOREM 1.13. Let (A, G, $) be a minimal equicontinuous action of a finitely generated group 
G on a Cantor set A. Suppose the discriminant group Dx is finite for some x G X, then (A, G, $) 
is virtually regular. 

Theorem 11.131 has the following application for weak solenoids, as discussed in Section 1 It is also 
the motivation for the work [9]. 

COROLLARY 1.14. Let Mq he a closed manifold, xq G Mq a fixed basepoint, and let G = 
'Ki(Mq,Xq) be the fundamental group. Let f:S^ Mq be a weak solenoid, with X = f~^{xo) the 
Cantor fiber, and x G X a given basepoint. Suppose the monodromy action (A, G, $) on the fiber 
has finite discriminant group Dx. Then there exists a finite-to-one covering map pq : Mq Mq such 
that the pullback solenoid f: S' ^ Mq is homogeneous. 

That is, for a weak solenoid whose holonomy action is a virtually regular action, one obtains a 
homogeneous action by pulling back along a finite-to-one covering of the base manifold. Thus, 
the condition that Dx is finite implies there is some finite covering of the weak solenoid which is 
homogeneous. A basic point is that this covering need not be related to one of the finite covers in 
the inverse limit systems which define S. 

Thus, if the weak solenoid S satisfying the hypotheses of Corollarv ll.lll is not weakly normal, then it 
is not homogeneous by Theorem ll.7l On the other hand, the pull-back solenoid S' of Corollarv ll.ldl is 
homogeneous, hence cannot be homeomorphic to S. These remarks yield the following consequence: 
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COROLLARY 1.15. Let Mq be a closed manifold with fundamental group G, and let f: S ^ Mq 
be a weak solenoid. Let xo € Mq be a basepoint, and X = f~^(xo) be the Cantor fiber, with x G X the 
basepoint. Suppose the minimal equicontinuous action {X, G, $) on the fiber is not weakly normal, 
but has a non-trivial finite discriminant group Vx- Then there exists a finite-to-one covering map 
Po'. Mq — > Mq such that the pull-back solenoid S' is a covering of S not homeomorphic to S. 

In the case when the discriminant is a Cantor group, Corollary 11.111 implies that the system 
(A, G, <i>) is not homogeneous. Examples 18.51 and 18.81 construct minimal Cantor actions which have 
infinite discriminant group. 

The kernel of a group chain {Gi}i>o is the subgroup 
(4) A, = f| G, C G . 

i>0 

Here, the subscript on corresponds to the basepoint x = (eG^). When the group chain {Gi}i>o 
is associated to a presentation of a weak solenoid S, with fiber X = f~^{xQ), then the kernel is 
identified with the fundamental group of the leaf L^ C S containing the point x. The kernel thus 
has a natural geometric interpretation. 

The kernel can either be a trivial group, a non-trivial normal subgroup of G, or a non-normal 
subgroup of G. Also, the kernel need not be finitely-generated, as in the case of the non-homogeneous 
solenoid constructed by Schori in [5S]. Note that if {Ri}i>o is a group chain equivalent to {Gi}i>o, 
then clearly = [^ Gi = ■ 

i i 

On the other hand, given y G Goo let {Ri}i>o be a group chain with basepoint y which is conjugate 
equivalent to {Gi}i>o, then its kernel Ky need not equal K^. In Section [3 we give examples which 
show that the kernel Kx of a group chain {Gi}i>o is not invariant under the conjugate equivalence 
of group chains. It seems to be a subtle property of a Cantor minimal system to determine whether, 
given a point x G X for which the kernel Kx is not a normal subgroup, hence is non-trivial, must 
the kernel Ky be non-trivial for all conjugate chains. 

If {Gi}i>o is the group chain associated to a weak solenoid S, then the non-invariance of the kernel 
of a group chain under the change of basepoint can be formulated as a property of the holonomy 
groups of leaves of the foliation on S. The relationship between the non-homogeneity of a group 
chain defining a weak solenoid and the dynamics of S are discussed further in the works [ann]. 

Section [5] introduces the notion of a group chain in normal form with respect to the discriminant 
invariant Dx, as given by Definition 15.61 which can be viewed as weaker form of the conclusion of 
Theorem l6.ll Every group chain is equivalent to one in normal form by Proposition 15.71 This result 
leads to the introduction of a new property of group chains, based on the relationship between the 
kernels of group chains and the discriminant group. 

DEFINITION 1.16. Let {Gi}i>o be a group chain in a normal form, and let Dx be the discrim¬ 
inant group of the action (Goo,G) at x = (eG^). The discriminant group Vx is stable if for any 
y G Goo every element in Dy is represented by an element in the kernel Ky. The group Vx is 
unstable if it is not stable. 

In Section [3 the properties of kernels and their relationship to the discriminant group Vx are con¬ 
sidered. In particular, the discriminant group in Example 17.51 is infinite and unstable, while the 
discriminant group in Example 17.61 is finite and stable. 

The method of calculating the discriminant invariant for a group chain is an effective technique 
for obtaining results about the dynamical properties of the equicontinuous systems thus obtained. 
Example 17.51 calculates the discriminant group for the Rogers and Tollefson example in m- 

Finally, in Section[51 we give examples of minimal equicontinuous actions of non-abelian groups with 
non-trivial discriminant group, and characterize whether they are weakly normal, virtually regular, 
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and have unstable discriminant group. These examples include the actions of the discrete Heisenberg 
group "H, of the dihedral group, and of the generalized dihedral group. 

REMARK 1.17. The following table lists the examples and their properties. 



type 

weakly normal 

virt. regular 


stable 

Example 17.51 

dihedral 

no 

yes 

< oo 

no 

Example 17.61 

product 

yes 

yes 

< oo 

yes 

Example 18.21 

Heisenberg 

yes 

yes 

< oo 

? 

Example 18.51 

Heisenberg 

no 

? 

= oo 

no 

Example 18.81 

dihedral 

yes 

yes 

= oo 

no 

Example 18.91 

dihedral 

yes 

yes 

= CX) 

no 


2. The Ellis group 

The concept of the Ellis semigroup associated to a continuous group action <I): G x A —>• A was 
introduced in the papers mun], and is treated in the books by Ellis [miTl] and Auslander [2]. 
The construction of E(A, G, <i>) is abstract, and it can be a difficult problem to determine this group 
exactly, and the relation between the algebraic properties of E{X, G, $) and dynamics of the action. 
In this section, we recall some basic properties of E(A, G, $), then consider the results for the special 
case of equicontinuous Cantor minimal actions. 

Let A be a compact Hausdorff topological space, and let A^ = Maps{X,X) have the topology of 
pointwise convergence on maps. This is equivalent to the Tychonoff topology, where we identify X^ 
with the product space X^ where X^ = A for all a; S A. By the Tychonoff Theorem, X^ is a 

x£X 

compact Hausdorff space. Note that there is an inclusion Homeo{X) C X^, so each g € G defines 
an element g S X^ = Maps{X, X). Let 

(5) G = {g \ g G G} C Homeo{X) C X^ 

which is a group under the natural composition of elements of X^. The action $ defines a map, 
G —>■ G with <i)(g) = g, whose kernel is a normal subgroup, denoted by C G. 

DEFINITION 2.1. The Ellis (enveloping) semigroup of a continuous group action <i>: Gx A —?> A 
is the closure E{X,G,^) = G C X^ in the topology of pointwise convergence on maps. 

Ellis proved that E{X, G, $) forms a right topological semigroup. As E{X, G, $) is a closed subset 
of a compact Hausdorff space, it is a compact set. However, E{X, G, $) need not be separable. If 
all the elements of d)(G) are defined as the sequential limit of elements of G, then the dynamical 
system is said to be tame, in the sense of Glasner [18]. See Glasner [20] for a detailed description 
of tame systems. Otherwise, the elements of <&(G) must be defined using ultrafilters, and it can be 
extremely difficult to give a detailed description of this group [TO] . 

In the case of an equicontinuous Gantor minimal system (A, G, $), the properties of its Ellis semi¬ 
group E{X, G, $) are discussed by Ellis in [12], Glasner in [TO] Proposition 2.5], and by Auslander in 
[2] Ghapter 3]. The equicontinuity assumption on the action implies that the pointwise and uniform 
topologies on E(A, G, $) coincide, and thus each element of i?(A, G, $) is the sequential limit of 
points in G, so that (A, G, $) is a tame dynamical system. Gonsequently, the space E{X, G, $) is 
separable, and moreover we have the basic result: 

THEOREM 2.2. [3 Chapter 3]. Let (A, G, $) be an equicontinuous Cantor minimal system. 
Then i?(A, G, $) is a compact topological group, which is naturally identified with the closure ‘h(G) 
o/$(G) C Homeo{X) in the uniform topology on maps. 

In the following, we identify d>(G) = E{X, G, $). As each element of $(G) is the limit of a sequence 
of points in G, we use the notation (gi) to signify a sequence {gi | f > 1} C G such that the sequence 
{gi = $(gi) I i > 1} C Homeo{X) converges in the uniform topology. 
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Let $: ^*(0) X X ^ X denote the action of $(0) on X. Note that for {gi) £ ‘h(G), the action 
$( 5 i ): X ^ X, ior X £ X, is given by ^{gi){x) = (gi) ■ x = lim g^ - x = lim ^{gi){x). 

The orbit of any point x £ X under the action of ‘h(G) is a compact subset of X. By the minimality 
assumption, the orbit G{x) is dense in X for any a; G X, so it follows that the orbit $(G)(a:) = X 
for any x £ X. That is, the group <&(G) acts transitively on X. Then for the isotropy group of x, 

(6) = {(5.) e ^ I {gi) ■ = x}, 

we have the natural identification X = $(G)/$(G),j, of left G-spaces. The pair ($(G), $(G),j,) is 
said to “classify” the Cantor minimal system {X, G, $), in the sense of topological dynamics. 

Since the action of <i>(G) is transitive on X, given y £ X, then there exists (gi) £ ‘&(G) such that 
(gi) ■ X = y. It follows that 

( 7 ) = 

This identity implies the following fact. 

LEMMA 2.3. Let (X,G, ih) he an equicontinuous Cantor minimal system. Then the cardinality of 
$(G),j, is independent of the point x £ X; that is, for any y £ X we have 

(8) card(¥M,) = card(¥Mj- 

We also have the basic observation about closed subgroups of a Cantor group: 

LEMMA 2.4. Let (A, G, 4>) be an equicontinuous Cantor minimal system, and let x £ X. Then 
the isotropy subgroup $(G),j. is either a finite group, or is a Cantor group. 


Proof. The groups ‘I*(G),j, and 4>(G) are compact, so if ‘h(G),,, is not finite, then it contains a limit 
point of itself. As $(G),j, is a group, every point must then be a limit point. Since $(G) is totally 
disconnected, the same holds for $(G),,, and thus it is also a Cantor group. □ 

Next, we consider the relations between the above constructions and the group of automorphisms 
Aut(X, G, 4>) of an equicontinuous Cantor minimal system (X, G, $). First, we show: 

LEMMA 2.5. Aut(X,G,^) = $). 

Proof. The inclusion Aut(X, G, $) A Aut(X, $(G), $) follows from the inclusion G C 4*(G). 

To show the reverse inclusion, let (gi) £ 4*(G). Let h £ Aut(X,G,^) and y £ X. The map is a 
homeomorphism of the compact set X, so we have 

(9) h((g^) ■ y) = /i(lim gi ■ y) = lim gi ■ h{y) = (g^) ■ h(y). 

As dni) holds for all y £ X, we conclude that h £ Aut(X, $(G), $), as was to be shown. □ 

Now let A/"($(G),j.) C <i>(G) denote the normalizer of ^(G),^. in $(G). Then the quotient group 

(10) A) A, ¥(^, x) = 

acts on the right on the coset space <i>(G)/<i>(G)„,. The right action of .4(A, $(G),x) commutes with 
the left action of <i>(G) on $(G)/$(G),j,, so there is an inclusion A(A, <i>(G), x) C Au<(A, $(G), <I>). 
The following result is the analog of a well-known result for finite covering spaces [23l Corollary 7.3]. 

PROPOSITION 2.6. Aut(A, G, $) is isomorphic to A(A, <I>(G), x). 

Proof. By the above remarks, it suffices to show Aut{X, G, $) C A(X, $(G), x). 
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Let h € Aut{X,G,^). By Lemma [2.51 the homeomorphism h: X ^ X also commutes with the 
action of ^{G) on X. Let z = h{x). Then for {gi) G we have (gi) • x = x, so by the uniform 

convergence of the maps {$( 5 ^)}, we have 

(ffi) ■ 2 = {9i) ■ K^) = h{{9i) ■ x) = K^) = 

so that $(G)^ C <i)(G)^. The reverse inclusion holds by considering the map so we obtain 

Now let (ki) G ‘h(G) such that {ki) ■ x = z. Then by (O we have 

( 11 ) = 

which implies that (ki) G ^^(^(G)^), and hence defines a right action on X. Denote this right action 
by p(ki) G Homeo(X) where p(ki)(x) = x ■ (ki). 

As X is the coset of the identity, that is x = e • d)(G),j, under the identification X = ^(G)/^(G)^ of 
left G-spaces, we obtain that the right action of (h) satisfies p(ki)(x) = x ■ (ki) = z = h(x). 

Then consider the composition ip = p(ki)oh~^ G Homeo(X) which hxes the point x. By the remarks 
above, we have that ip G Aut(X, G, $). Then for any g G G, set y = g ■ x, then we have 

y = g.x = g- ip(x) = ip(g ■ x) = ip(y), 

so that Ip also fixes every point in the G-orbit of y. As the orbit G • x is dense in X, ip must be the 
identity. That is, h = p(ki) G A(X, <i)(G), x), as was to be shown. □ 

We obtain from Proposition 12.61 the following property of Aut(X, G, $): 

COROLLARY 2.7. Let (X, G, $) be an equicontinuous minimal action of a finitely generated 
group G on a Cantor set X. Then then number of orbits 0 /G, $) is equal to the index of 

m^)J m^). 

For the actions where the automorphism group has a finite number of orbits, we have the following. 

PROPOSITION 2.8. Let (A, G, $) be an equicontinuous minimal action of a finitely generated 
group G on a Cantor set X, and suppose |d)(G) : A/"($(G),j,)| < 00 . Then the orbits of Aut(X, G, $) 
are closed and open subsets of X. 

Proof. As ^^(^(G)^) is a closed subgroup of d)(G), hence the orbits of its right action on X are 
closed. Since Aut(X, G, <i>) has a finite number of orbits, then every orbit is an open subset of X, 
being the complement of a finite union of closed sets. Thus the orbits of Aut(X, G, <i>) are closed 
and open subsets of A. □ 

For an equicontinuous Cantor minimal system. Proposition 12.61 shows that the study of the group 
Aut(X,G,^), and in particular whether it acts transitively on A, is equivalent to the study of the 
normalizer group J\f(^(G)^) for the choice of a basepoint x G A. In the following sections, we will 
develop effective tools for the calculation of the groups $(G), $(G)^ and M(^(G)^) from a group 
chain associated with the action. 

3. A ‘calculus’ of group chains 

We recall some preliminary results about the group chains associated to equicontinuous Cantor 
minimal actions. The main reference for these results is the paper by Fokkink and Oversteegen |15j . 
and Clark and Hurder [J] for the construction of partitions associated to an action. 

The following is the basic result which relates the action on A with group chains in G. 

PROPOSITION 3.1. Let (A, G, $) be an equicontinuous Cantor minimal system, and let x G X 
he a point. Then there exists an infinite sequence of closed and open sets X = Vq D Vi D V 2 D ■ ■ ■ 
with {x} = Vi, which have the following properties. 
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(1) For each i>\ the collection Vi = {g ■ Vi}g^G is a finite partition of X into clopen sets. 

(2) We have diam{g ■ Vi) < for all g G G and all i> 0. 

(3) The collection of elements which fix Vi, that is, 

Gi = {g G G \ g ■ Vi = Vi}, 

is a subgroup of finite index in G. More precisely, \G : Gi\ = card{Vi). 

(4) There is a homeomorphism fi: X ^ Goo = lim {G/Gi+i G/Gi} equivariant with respect 

to the action of G on X and Goo, which maps x onto {eGi) G Goo- 

We note that property 0 implies that the sets in Vi are permuted by the action of G, that is, if 
U G Vi and g G G, then g ■ U = V for some V G Vi. 

The proof of Proposition 13.11 uses the method of coding orbits, described in detail in [H Section 
6], where it was used to obtain a similar statement for a more general setting of equicontinuous 
pseudogronp actions. For completeness, we present the proof of Proposition 13. II in Appendix El 

In Proposition 13.11 note that since Vi+i C Vi, then there is an inclusion of isotropy subgroups 
Gi+i C Gi, and so the collection {Gi}i>o is a nested chain of subgroups of finite index. From 
Proposition 13.11 it is clear that the group chain {Gi}i>o depends on the choice of partitions {Vi}i>o 
and on the choice of a; G X, so we call {Gi}i>o the group chain at x with partitions {Vi}i>o. 

The dependence of a group chain on the choice of the partitions and of the basepoint is described 
in the following proposition. Recall that Definition 11.31 introduced the notion of equivalent chains. 

PROPOSITION 3.2. Let (A, G, <&) be a minimal equicontinuous action, and let {Gi}i>o be a 
group chain with partitions {Vi}i>o and basepoint x G X. Then the following hold: 

(1) Let {Ri}i>o be a group chain with the same basepoint x but different collection of partitions 

Then {Rjj>o is equivalent to {Gi}i>o. 

(2) Let y G X, and let {Ri}i>o be a group chain at y with partitions {Pi}i>o- Then for every 
i > 0, there is an element gi G G such that 

}T[i}i^Q = fgiGig.^ }i>o- 
In particular, giGi = gjGi for all j > 0. 

(3) Let y G X and let {Ri}i>o be a group chain at y with partitions Then there exists 

a sequence of elements (gi)i>o in G such that {Ri}i>o is equivalent to {giGig~^}i>o. That 
is, {Gi}i>o is conjugate equivalent to {Hi}i>o. 

Proof. The result of Proposition 13.21 seems to be well-known; we give a proof for completeness. 

(1) . By Proposition 13.11 the group chain {Gi}i>o is given by a collection of finite partitions {Vi}i>o, 
such that Vi = {g ■ Vijg^o, where Vi is a clopen set in X, such that Pi+i C Vi, Gi is the isotropy 
group of Vi, we have fi\Vi = {x}, and diam{g ■ Vfi < 2“® for z > 0. 

Similarly, the group chain {Ri}i>o is given by a collection of finite partitions {Qi}i>o, such that 
Qi = {g ■ Ui \ g G G}, where Ui is a clopen set in X, such that Ui+i C Ui, the group Hi is the 
isotropy group of Ui, we have fi\Ui = {x}, and diam{g ■ Ufi < 2“® for z > 0. 

Since the diameters of the sets in {Vi} and {Qi} tend to 0 as z —)• oo, for every z > 0 we can find 
j > i such that Uj C Vi and Vj C Ui. 

Then the inclusion Uj C Vi implies that Hj C Gi, and the inclusion Vj C Ui implies that Gj C Hi for 
the isotropy subgroups of the sets. Therefore, one can choose subsequences of clopen sets {Vi^ }fe>o 
and {Ujf.}k>o satisfying V^ D Uj.^ D 14^, D ..., which implies that there is a nested group chain 

(12) G,i D Hj, D G,, -D Hj^-D ..., 

and so {Ri}i>o and {Gi}i>o are equivalent. 

(2) . Now let {Ri}i>o denote the group chain a,ty G X with partitions {Vi}i>o. Note that y G gi-Vi for 
some gi G G, by property o in Proposition l3.ll Then the isotropy group of the action {X, G, <&) at 
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y is Hi = giGig^ ^. Repeating this procedure for all i > 0, we obtain that {-ffi}i>o = {giGig^ ^}i>o- 
The collection {gi} £ G satisfies giGi = gjGi for all j > i, since {i?i}i>o is nested. 

The proof of (3) is just a combination of the proofs for (1) and (2). □ 

The dynamical meaning of group chain equivalences is then described by the following theorem. 

THEOREM 3.3. Let (Goo,G) cLnd (Roo,G) be inverse limit dynamical systems for group chains 
{Gi}i>o and {Ri}i>o- Then we have: 

(1) The group chains {Gi}i>o and {i/i}i>o are equivalent if and only if there exists a homeo- 
morphism t : Goo Roo equivariant with respect to the G-actions on Goo cind Hoo, and 
such that T{eGi) = (eHi). 

(2) The group chains {Gi}i>o and {Ri}i>o are conjugate equivalent if and only if there exists a 
homeomorphism r : Goo Hoo equivariant with respect to the G-actions on Goo and Hoo ■ 

That is, equivalence of group chains corresponds to the existence of a basepoint-preserving home¬ 
omorphism between their respective inverse limit dynamical systems. If two chains are conjugate 
equivalent, then their inverse limit dynamical systems are conjugate, but the conjugating homeo¬ 
morphism need not preserve the basepoint. 

Theorem 13.31 is proved in m in the setting of weak solenoids using path lifts. We sketch here an 
alternative proof by means of standard group theory. 

Proof. (1). First note that a group chain {Gi}i>o is trivially equivalent to its subsequence {G^lfe^o, 
and it is immediate that the corresponding inverse limit systems (Goo, G, (eGi)) and (Goo.s, G, ieGi^j)) 
are conjugate by a basepoint preserving homeomorphism. 

If {Gi}i>o and {i?i}i>o are equivalent group chains, then there are subsequences {G^jfc^o and 
{Hjjf\k>o, and a group chain {Ffi}i>o, such that K 2 k = Gi^, and R' 2 fc-i-i = Hj^, for k > 0. Then 
the conjugacy of Goo and Hoo by a basepoint preserving homeomorphism follows from the existence 
of the conjugacies between the inverse limit dynamical systems corresponding to the pairs {Gi}i>o 
and {GfeJi>o, {Gfc,}i>o and {Ki},>o, {K,},>o and {RfcJi>o, and {Rfci}i>o and {Hi},>o. 

For the converse, suppose there exists a homeomorphism r: Goo Hoo, equivariant with respect to 
the G-action, and such that T{eGi) = {eHi). 

Let Si'. Hoo G/Hi, and let n = Si o t: Goo G/Hi. Also, let 0 ^: Goo —>■ G/Gi and Vi = 
9i o T~^: Hoo GjGi. Note that since r(eGi) = {eHi), we have fi{eGi) = eHi, and i>i{eHi) = eGi. 

Since G/Hi is a finite space, by [351 Lemma 1.1.16] there exists ki > Q and a surjective map 
Ti: G/Gki —>■ G/Hi such that fi = n o Since 0^. (eGi) = eG^^, and fi{eGi) = eGi, then 
Ti{eGki) = eHi, and so Gk^ C Hi. By a similar argument, applied to G/G^i, there exists fi > 0 such 
that iLf. C Gki • Inductively, we obtain a sequence 

Ri D Gfci D Hi^ D Gk,^ D ■ • • , 

which shows that {Gi}i>o and {Ri}i>o are equivalent. 

(2). The following lemma says that if we change the basepoint, then the resulting system is conjugate 
to the given one. 

LEMMA 3.4. Let {Gi}i>o be a group chain, and let {iLi}i>o = {giGig~^}i>o, where gjGi = giGi 
for any j > i. Let 

Goo = Im G/G, ^G/G,_i}, 

Hoo = lim {i^i-i: G/iLi —>■ G/iLi_i} 

he the inverse limits spaces. Then there exists a homeomorphism r: Goo Hoc such that r{eGi) = 
and such that r(s ■ (hi)) = s • (r(/ii)) for all {hi) € Goo ct'^d all s G G. 
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Proof. Let X = Goo, and x = (eGi). For each * > 0, define 

Vi = {{giGi) e Goo I 9kGk = eGk for k < i}. 


Then 

g-Vi = {{hiGi) e Goo I hkGk = gGk for k < i}, 

and Vi = {g • Vi]g^c, * > 0, is a collection of partitions corresponding to the group chain {Gi}i>o 
with basepoint x = (eGi), and there is a bijective map 4>i: Vi ^ G/Gi defined by 4>i{g • Vi) = gGi. 

Since the chain {iLi}i>o = {9^G^g-^] i>o is nested, the diameter of gi • V tends to 0, and Goo is 
compact, the intersection {y} = • 1^ is non-empty. 

i 

For each i > 0, set Vf = gi-Vi, which we consider as the “base partition” and define the corresponding 
partition P' = {h ■ Vf}h£G of X. Then the partitions V- and Vi differ only by the ordering of sets, 
that is, there is a bijection jc,.: Vi V'i, induced by a permutation ai \ (1,2,..., Ki) — >■ (1,2,..., Ki), 
such that V^ = as subsets of Goo- 

The isotropy group of gi -Vi = Vf is Hi = giGig~^, and there is a bijective map ifi: V'i —>■ G/Hi for 
all i > 0. Define a bijective map n: G/Gi G/Hi by 

Ti = l/jj O Jo,. O (0i)“\ 

that is, hGi and Ti{hGi) correspond to the same subset of Goo- In particular, Ti{eGi) = g~^Hi. 


Since the action of G permutes the sets in the partition Vi, the map Ti is equivariant with respect 
to the G-actions on G/Gi and on G/Hi. The mappings Ti are compatible with the bonding maps 
of Goo and Hoo, and so there is an induced map r: Goo —5" Hoo which is clearly a bijection and is 
equivariant with respect to the action of G on Goo and Hoo- By definition, T{eGi) = {g~^Hi). □ 


We next give the proof of part (2) of Theorem 13.31 Suppose {Gi}i>o and {Lfi}i>o are conjugate 
equivalent, then {Hi}i>o is equivalent to {giGig~^}i>o for some sequence {gi)i>o in G such that 
giGi = gjGi for all j > i. Denote by {G'^,G) the inverse limit dynamical system of the group 
chain {giGig~^}i>o. By Lemma [33] the systems (G(^,G) and (Goo,G) are conjugate, and by (1) 
the systems {G'^,G) and {Hoo,G) are conjugate by a basepoint-preserving homeomorphism. Then 
(Goo,G) and {Hoo,G) are conjugate. 

For the converse, suppose r: Goo —>■ Hoo is a homeomorphism equivariant with respect to the G- 
actions on Goo and Hoo- Let x = (eGi), and let y = {giGi) = T~^{eHi). 

By a procedure similar to the one in Lemma l3.41 given {Gi}i>o, we can define the partitions {Vi}i>o 
of Goo, and given {iLi}i>o, we can define the partitions {Qi}i>o of Hoo- 

Then Q' = r“^(Qi) is a sequence of partitions of Goo- Since r is equivariant with respect to the 
G-actions, the sets of Q' are permuted by the action of G on Goo, and the isotropy group of a set 
Ui G Q', containing y, is Hi. Then {iLi}i>o is a group chain at y with partitions {Q(}i>o- Then by 
Proposition 13.21 the group chains {Gi}i>o and {iLi}i>o are conjugate equivalent. □ 


We note that a basepoint preserving homeomorphism of {X, G, $) onto itself is precisely an auto¬ 
morphism of (X, G, <&), and so Theorem [331 has the following corollary. 

COROLLARY 3.5. Let {X, G, <i>) he an equicontinuous minimal system, and let {Gi}i>o he a 
group chain with partitions {Vi}i>o at x G X, and let {iLi}i>o he a group chain with partitions 
{Qi}i>o at y £ X. Then there exists h G Aut{X,G,^) such that h{x) = y if and only if {Gi}i>o 
and {Hi}i>o are equivalent group chains. 

Recall that Definition 11.31 defined equivalence and conjugate equivalence relations on the collection 
6 of all group chains in G. For an action (A, G, <i>), let {Gi}i>o be a group chain with partitions 
{Vi}i>o and basepoint x. Let 0($) denote the class of group chains in G which are conjugate 
equivalent to {Gi}i>o- Theorem 13.31 yields the following: 
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COROLLARY 3.6. For an action (A, G, $), let {Gi}i>o be a group chain with partitions {Vi}i>o 
and basepoint x. Then a group chain {Ri}i>o is in ©($) if and only if there exists a collection of 
partitions Qi = {g ■ Ui}g^c, where Ui is a clopen set, and Ui = {y} C X, such that Fli is the 
isotropy group of the action at Ui, for all i > 0. 

That is, the class 0($) of group chains which are conjugate equivalent to a given group chain 
{GJ i>o, contains all possible chains which can be produced for the action {X, G, $) = (Goo, G) by 
the choice of changing partitions {Pi}i>o and basepoint x G X. Then we have: 

THEOREM 3.7. [15] An equicontinuous Cantor minimal system {X, G, $) is homogeneous if and 
only if all group chains in ©($) are equivalent. 

More generally, the number of distinct orbits of Aut{X,G,^) in X, or, alternatively, the number 
of the classes of equivalent chains in ©($), measures the degree of non-homogeneity of the action 
(A, G, $). The number of equivalence classes of group chains in ©($) is invariant under topological 
conjugacy of dynamical systems. It is then a natural question to look for algebraic or geometric 
invariants which determine the number of the classes of equivalent chains in ©(<!>). 

The following remark allows us to restrict to the study of conjugate chains for a given chain {Gi}i>o 
to those in a standard form. 

REMARK 3.8. Let (A, G, $) be a minimal equicontinuous dynamical system, and let {Gi}i>o be 
a group chain with basepoint x. Let y € X, and consider the equivalence class of all group chains 
with basepoint y. Then this equivalence class has a representative of the form {giGig~^}i>Q, where 
giGi = gjGi for all j > i. 


Finally, we will need the following theorem, proved in Fokkink and Oversteegen |15] . 

Recall that corecGi = [^ hGih~^ is a maximal subgroup of Gi normal in G. If Gi D G^+i, then 
hGG 

coiec Gi D corec G^+i, and so {corec Gi}i>o is a chain of subgroups of finite index in G. 
THEOREM 3.9. [15] Let {Gi}i>o be a group chain in G. Then the following is equivalent: 

(1) The chain {Gi}i>o is equivalent to a regular group chain {Ni}i>o, where Aq = G and Ni is 
a normal subgroup of G for all i > 0. 

(2) The chain {Gi}i>o is equivalent to the chain {corec Gi}i>o. 

(3) Every chain {giGig~^}i>o, where gjGi = giGi for all j > i, is equivalent to {Gi}i>o. 

If any of these conditions are satisfied, then by Theorem \3. Tj it follows that the associated Cantor 
minimal system {God^G) is homogeneous. 

The equivalences of Theorem 13.91 allow us to make precise the comparison of the notions of weakly 
normal in Definition 11.61 and virtually regular in Definition 1 1.12 1 for group chains. 

REMARK 3.10. The group chain {Gi}i>o is weakly normal if there exists an index io > 0 such 
that for the truncated group chain {Gi}i>ip, each conjugate equivalent chain in Gi^^ is equivalent to 
{GJ By part (1) of Theorem 13.91 we then have that the group chain {Gi}i>ij, is equivalent to 
a group chain where Aq = G^^ and Ni is a normal subgroup of Gi^ for all i > ig. 

The group chain {Gi}i>o is virtually regular if there is a subgroup Gg C Gg of finite index such 
that for the restricted group chain {G' = G^ fl Ggji^g, each conjugate equivalent chain in Gg is 
equivalent to {G'}i>g. By part (1) of Theorem 13.91 we then have that the group chain {G'}i>o is 
equivalent to a chain {A'}i>g, where Ag = Gg and A( is a normal subgroup of Gg for all i > 0. 

Thus, the difference between the two notions is that, for a weakly normal chain {Gi}i>g, each group 
Ni for f > fg is normal in Gig, while for a virtually regular group chain, each group A' for i > i is 
normal in Gg, but the groups A( need not be normal in Gig for any fg > 0. 
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4. The discriminant group 

In this section, we introduce the core and discriminant groups associated to a group chain. We then 
show that these groups, defined using inverse limits, provide representations for the Ellis group $(G) 
and the isotropy subgroup at cc € X, as introduced in Sections [1] and [2] 

Let {X, G, $) be an equicontinuous Cantor minimal system, and let {Gi}i>o be a group chain with 
partitions {Vi}i>o and basepoint x G X. For each subgroup Gi, define its core 

(13) Gj=coreGGi= f] gG^g~^ C Gi 

g&G 

which is the maximal subgroup of Gi, normal in G. Then the quotient GjGi is a finite group, and 
the collection {Gi}i>i forms a descending chain of normal subgroups of G. 

LEMMA 4.1. There are well-defined homomorphisms of finite groups 

(14) 61 +^: G/G,+i ^ G/G, , 
for which the resulting inverse limit space is a profinite group 

(15) Goo =nm G/G,+i ^G/G,} • 

Proof. Observe that Ci is the intersection of a finite number of subgroups of finite index, and thus 
G/Ci is finite. The chain {Ci}i>o is nested, and the maps (IT4l) are induced by coset inclusion. 

Since Gi are normal, the maps (1141) are group homomorphisms. It follows from results in |25| that 
the inverse limit space Goo defined in (1151) is a profinite group. □ 

Now consider the quotient Di = GijGi. Since Gi is a normal subgroup in G, and hence also normal 
in Gi, the quotient Di is a group. This group is naturally identified with a subgroup Di C GjGi. 

LEMMA 4.2. There are group homomorphisms Oy. Di Dj, such that 0* o 9^ = 9j. Thus, we 
obtain a profinite group 

(16) V, = \im {9y. D, ^ Dj} . 


Proof. Denote by qi: G/Gi —>■ (G/Ci) jDi = GjGi, then we have the following diagram: 


G/Gi ^-G/Ga ^-G/Ga 


91 

' ' 


G/Gi 


92 


93 


G/G2 ^-G/Ga 


Since Di C GjGi, the restriction of 5^^ : GjGi+i GjGi gives a group homomorphism 

: A+i ^ G/G, . 

Since Gi+i C Gi, and 9^^ is the inclusion of cosets, we have that 9y^{Di+i) C GijGi = Di. By a 
similar argument one checks that 9jfl = 9\_^ o 9^^, and then by [521 Propositions 1.1.1 and 1.1.4] 
the inverse limit exists, and is a profinite group. □ 

DEFINITION 4.3. Let (X, G, $) be an equicontinuous Cantor minimal system, and {Gi}i>o be a 
group chain with partitions {Pi}i>o and basepoint x G X. The profinite group in (fT21) is called 
the discriminant group of (X, G, $) at x G X. 

We next establish the relation between the discriminant group and the Ellis group for the Cantor 
minimal system (Goo, G) associated to the group chain {Gi}i>o. The following result is Theorem ll.81 
of the Introduction. 
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THEOREM 4.4. Let (X, G, $) be an equicontinuous minimal action, and let {7^i}i>o be a sequence 
of partitions of X chosen as in Proposition \3.1\ with basepoint x G X, and let {Gi}i>o be the 
associated group chain. Then there is a natural isomorphism of topological groups 0: $(0) = Coo 
such that the restriction 0: = V^. 


Proof. Recall that the factor maps (fi = (fi o : X ^ G/Gi defined in (l27)) are G-equivariant. Then 
the left action induces representations 0^: G —>• Perm(G/Gi). Let Xi denote the coset of the identity 
in GjGi, then the image 0i(Gi) consists of the permutations which fix Xi. That is, Gi is the isotropy 
group of Xi for the action 0^. 

The kernel ker(0i) C G of the map 0i consist of all elements in G which fix every element of G/G^. 
As the action of G on G/Gi is transitive, ker(0i) is the intersection of the conjugates of Gi and thus 
equals the group Gi. Thus, the representation 0^ factors through the group G/Gi which we identify 
with its image to give 

(17) 0i: G ^ G/Gi C Perm(G/G,) . 

Since G/Gi is a finite set, hence has the discrete topology, the map Qi extends to a continuous 
homomorphism 0^: E{X,G,^) G/Gi, where E{X,G,^) C X^ = Maps{X,X) is defined in 
Section^ Recall from (fTSl) that Goo = lim : G/Gi+i —>■ G/Gi}. It follows that the product of 

the collection of maps {0i | * > 1} defines a continuous homomorphism 0: E{X, G, $) —>■ Goo- We 
claim that 0 is an isomorphism of topological groups. 

The map 0 is surjective as each map 0i is surjective. 

Suppose that (f € E(X, G, $) C X^ is not the identity. Then for some x e X we have />(x) = y ^ x. 
Then e = d{x,y) > 0, and choose i sufficiently large so that 2® < e/2. Then by condition (2) of 
Proposition 13.11 the points x,y lie in disjoint elements of the partition Vi. It follows that 0i(/>) is 
not the identity. Thus, 0{<p) is not the identity, and 0 is injective. Since E{X,G,^) is identified 
with $(G), we have an isomorphism between 4)(G) and Coo- 

Finally, we show that E{X, G, $)a, = d)(G)^ is identified with Vx- The group Gi is the isotropy of 
$ at Xi, so Gi C E{X, G, $)a; and thus has image 0i{Gi) = Gi/Gi = Di C G/Gi where the notation 
Di was introduced in Lemma |4.2I Again, as Di is discrete, we obtain a continuous homomorphism 
0i: E{X, G, $)a; —>• Di for each i > 1. From the definition of Vx in (fTfill . we thus obtain a continuous 
homomorphism 0: E{X, G, <I>)a, —>■ Vx. Then as before, this map is a topological isomorphism. □ 

The tree diagram associated to a collection of partitions {Vi}i>o of X with basepoint a; is a tree 
T, whose vertices at level i correspond to the clopen sets in Vi. For each i > 0 the set Vi € Vi is 
determined by the condition x € Vi, so the vertices of T are identified with the points in the coset 
G/Gi via its action on the clopen sets. The edges of T are defined by the inclusions of clopen sets of 
Vi in Vi-i, which corresponds to the quotient maps G/Gi —t G/Gi-\. This construction is discussed 
further in [SJ Chapter 2]. Each point y G X is assigned a unique path in the tree T associated to the 
nested chain of partition clopen sets containing y. In this sense, the tree 1~ associated to {Vi}i>o 
can be considered as a “coordinate system” for the Cantor set X. This construction is related to 
the Bratteli diagram for Z-actions introduced by Versik in [52] , and discussed in m for example. 

The map 0: 4>(G) —>■ Goo constructed in Theorem 14.41 represents the action of $(G) on X as 
automorphisms of the tree T. The mapping 0^: G —> G/Ci in ()17p gives a finite approximation to 
the action of G on Al, as permutations of the finite sets G/Gi which are the vertices of the tree T 
at level i. Thus, Theorem 14.41 can be interpreted as providing a representation for the Ellis group 
$(G) of (A", G, $) in “tree coordinates” on X. In this representation, the isotropy group 4>(G),j, for 
X G X is mapped to a subgroup of the automorphisms of V which fix the path corresponding to the 
basepoint x. The automorphisms induced by the action of $(G),j, on the vertices G/Gi of T at level 
i correspond to the action of the quotient group Gi/Gi. 
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5. Properties of the discriminant group 

In this section, we show three basic properties of the discriminant group, which are used to investigate 
equicontinuous Cantor minimal systems. First, we consider how the discriminant group Dx depends 
on the choices which are made in its definition. Second, we show that the discriminant group is 
“completely not normal”. Finally, we introduce the notion of “normal form” for group chains, with 
respect to the discriminant group. 

Let {X, G, $) be an equicontinuous Cantor minimal system. Let {Gi}i>o be a group chain associated 
to a collection of partitions {T’i}i>o with basepoint x € X, and let Vx be its discriminant group, 
as defined by (HU). Consider another group chain {iLi}i>o for (X, G, $) associated with partitions 
{Qi}i>o with basepoint y € X, and let Vy be its discriminant group, as defined by (I16|) . 

PROPOSITION 5.1. There is an isomorphism Vx = 'D'y Thus, the cardinality of Dx is an 
invariant of the homeomorphism class of the equicontinuous Cantor minimal system (X, G, $). 


Proof. Let $(G) be the Ellis group of the action (X, G, $). Then by Theorem 14.41 the core group 
Goo of {Gi}i>o and the core group G^ of {iLi}i>o are both topologically isomorphic to $(G), and 
thus Goo = G^. By the identity ([7]), the isotropy groups d)(G),^ and $(G) 

Then by Theorem 14.41 we have that Vx = = $(G) = 


are conjugate in $(G). 

□ 


The isomorphism of the groups Vx and Vy in Proposition 15. 1 1 is abstract, as it invokes their relation 
with subgroups of the Ellis group 4)(G). The thesis of the first author [8j Theorem 7.5] gives a 
more precise form of this isomorphism in the case where the point y G G ■ x, using the calculus of 
group chains. Given the Cantor minimal system (X, G, $), let {Gi}i>o and {Hi}i>o be group chains 
associated with the action, with common basepoint x. Then by Theorem 13.31 the group chains are 
equivalent, and the equivalence induces a canonical isomorphism of their core chains Goo — G^. 
Simple “diagram chasing” shows that this isomorphism restricts to an isomorphism Vx to V'x,. This 
direct approach extends to the case where {Hi}i>o is a group chain with basepoint y G G ■ x. 

In the case where the basepoint y of the chain {Hi}i>o is in the orbit of a; S X under the ac¬ 
tion of Aut(X, G, $), then we have the following more precise statement, which is related to the 
considerations in Section [Tj 

COROLLARY 5.2. Let (X, G, 4)) be an equicontinuous Cantor minimal system with associated 
group chain {Gi}j>o at x, and let {giGig~^}i>Q be a group chain at y. Let Vx and Vy be the 
discriminant groups at x and y respectively. If there exists h G Aut(X, G, $) such that h{x) = y, 
then Vx = Vy. That is, the groups are identical as subgroups of Goo • 


Proof. As shown in the proof of Proposition 12.61 the assumption that x, y are in the same orbit 
of Aut{X,G,^) implies that there exists {gi) G Af{^{G)^), where A/’(4)(G)^) is the normalizer of 
$(G),^ in 4)(G), so that {gi) ■ x = y. Then by ([7]) 

= ^)y = {9^) ■ ^)x ■ i9^r^ = 

Since the limit core C^o is independent of the choice of a point, this implies Vx = Vy. □ 


Next, let {Gi}i>o be a group chain with discriminant group Vx. The countable subgroup G C Coo 
can be thought of as the “rational points” in Coo, and we introduce also the “rational” core group 

(18) Cx= f] kVx fc-i C Vx . 

keG 

PROPOSITION 5.3. The rational core subgroup Cx is trivial. 
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Proof. We have the definitions 

Coo = : G/C, ^ G/C,_i} 

V, = : G,/G, ^ G,_i/G,_i} 

where Ci is the maximal normal subgroup of Gi. For i > 1, denote by 6i: Goo GjCi the 
projection map, which commutes with both the left and the right actions of G. Since each is a 
group homomorphism, the image 5i('Dx) is a subgroup of GijCi C G/Ci and we have 

5^{Cx) = n k Vx k-^) = fl * ^ n ^ (G,/Ci) k-^ c G,/G, 

fceG fceG fceG 

which is the trivial group. Thus, Si{Cx) is the trivial group for all i > 1, and hence Cx must be the 
trivial group. □ 

COROLLARY 5.4. The maximal normal subgroup ofDx in Goo is trivial. 

Proof. Observe that 

corec^Px = Pi (Pi) Px C P kPx k~^ = Cx 

(5i)CGoo IcCG 

which implies the claim. □ 


We obtain the following result, which implies Theorem II. 101 and Corollary II.Ill of the Introduction. 

THEOREM 5.5. Let (A, G, $) be an equicontinuous Cantor minimal system, and let $(G) be its 
Ellis group. Then for x € X, the isotropy group d>(G),j, is a normal subgroup o/$(G) if and only if 
<l>(G),j, is trivial. 


Proof. If ^(G)^ is trivial, the claim is immediate, as its normalizer is d’(G). 

Conversely, suppose 4’(G),j, is a normal subgroup of 4)(G). Let {Pi}i>o be a sequence of partitions 
with basepoint x £ X, and let {Gi}i>o be the associated group chain. Then $(G),j, is isomorphic 
to the discriminant group Px of {Gi}i>o by Theorem 14.41 By Corollary 15.41 the maximal normal 
subgroup of Px is trivial, hence the same hold for $(G)^. □ 

We conclude this section with a useful technical result, that for any Cantor minimal system (A, G, $), 
there exists a choice of a group chain {Gi}i>o associated to the action which is in normal form: 

DEFINITION 5.6. Let (A, G, $) be a minimal equieontinuous action, and let {Gi}i>o be a group 
chain with partitions {7^i}i>o cind basepoint x £ A. We say that {Gi}i>o is in the normal form if 
the projections Px —>■ GifGi are onto for every * > 0. 

The next result shows that a representing group chain in normal form always exists. 

PROPOSITION 5.7. Let (A, G, $) be a minimal equicontinuous action. Then there exists a 
collection of partitions {Vi} of X, such that the associated group chain {Gi}i>o with basepoint 
X £ X is in normal form. 

Proof. Let {Hi}i>o be a group chain with partitions {Qi}i>o and basepoint x £ X, and let 
Gi = P gHig~^ be the core of Hi. Let Goo = hm {GjGi —)> G/Gi_i}, and let 
geG 

P'x = Im {R,/G, ^ R,_i/G,_i} C Goo 

be the discriminant group at x. Let Di = OilfPi,.), where 0i: Goo —>■ Hi/Gi are the projections. 
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Since Ci is a normal subgroup, the union Gi = [J{aCi \ aCi G Di\ is a subgroup of G. Since {Gi}i>o 
is a nested chain, and the bonding maps Di —5> Di-i are coset inclusions, the collection 
forms a nested chain of subgroups of G. 

We claim that the group chain {Gi}i>o is equivalent to {i?i}i>o- First we note that by construction, 
Gi C Hi for every j > 0. Next, we claim that for every j > 0 there exists j > i such that Hj C Gi. 
Let bGi £ Hi/Gi- \ih ^ GijCi = Di, then there exists jb > i such that bCi ^ Since 

Hi/Ci is finite, we can define 

j = max{j{, \bCi^Di] . 

Then 0- {Hj/Gj) = Di. By possibly restricting to subsequences, we can assume that 

HiD GiD H2D G 2 D ■■■ , 

and so {Gi}i>o and {Hi}i>o are equivalent group chains. 

Then by Corollary 13.61 there exists a collection of partitions {'Pi}i>o such that {Gi}i>o is the as¬ 
sociated group chain with basepoint x. By construction, Gi C Gi, and since Gi is maximal in Hi 
and Gi C Hi, then Gi is also maximal in Gi. So Gi = corec Gi, and then Goo is the limit core 
associated to {Gi}i>o. Let = lim {GijGi —>■ Gi_i/Gi_i}. Then by construction = V'^, and 

the projections Vj, —)• GijGi are onto. □ 

6. Finite discriminant group 

In this section, we give a result which characterizes the equicontinuous Cantor minimal systems with 
finite discriminant group D^. 

THEOREM 6.1. Let (X, G, $) be an equicontinuous Cantor minimal system, and let {Gi}i>o he a 
group chain with partitions {Vi}i>o and basepoint x G X. Then the discriminant group is finite 
if and only if {Gi}i>o can be chosen so that for all i>l, we have 

(19) G, n Gi = G,. 

Proof. Denote by 5i: Vx —t GijGi the projections. Note that 

(20) (Ji)-i(eGi) = (G,nGi)/G, . 

By Proposition 15.71 we can assume that the projections di : T>x GijGi are surjective for all i > 0. 

If Dx is finite, then there exists to > 0 such that cardjDx) = card{GijGi) = card{Di) for all i>m. 
By discarding a finite number of groups Gi,..., Gm-i from the sequence, we can assume that to = 1. 

Then the preimage 5f^{eGi) consists of exactly one element, and so every bonding map 

5): G,jC,^GijCi 

is injective, that is, (i5j)“^(eGi) = eCi. Then (l20l) implies that Gi C Gi = Gi for all i>l. 

For the converse, suppose a group chain {Gi}i>o with property dm) exists. Since Gi fl Gi = Gi, the 
preimage {5\)~^{eCi) = eGi for all i > 1, and so the preimage i5“^(eGi) C Vx is a, single element. 
Since Vx is a group, and G\jG\ is a finite group, this implies that Vx is finite. □ 

The proof of Theorem 11.131 of the introduction follows immediately by taking N = Ci. 

EXAMPLE 6.2. Suppose the action {X, G, $) is homogeneous, that is, Aut{X, G, $) acts transi¬ 
tively on X. Then by Theorem 13.91 the group chain {Gi}i>o at x can be chosen so that every Gi, 
z > 0, is a normal subgroup of G. In this case Gi = Gi, * > 0, and then Gi C Gi = Gi = Gi. 


We next deduce the application of Theorem l6.1l to weak solenoids, given in Section[T]as Corollarv ll.141 
which we restate for convenience: 
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COROLLARY 6.3. Let Mq be a closed manifold, xo € Mq a fixed basepoint, and let G = 
Tri{Mo,xo) be the fundamental group. Let f: S ^ Mq be a weak solenoid, with X = f~^{xo) 
the Cantor fiber, and x G X a given basepoint. Suppose the monodromy action {X, G, $) on the fiber 
has finite discriminant group V^. Then there exists a finite-to-one covering map po: Mq —>■ Mq such 
that the pullback solenoid f':S'^ Mq is homogeneous. 

Proof. If (A, G, $) is an action with finite discriminant, then by Theorem 16.11 the group chain 
{GJ i>o can be chosen so that fl Ci = G^, where G^, i > 1, is the normal core of G^. That is, for 
each i > 0 there is a closed manifold Mi = Ma/Gi, where Mq is the universal cover of Mq, and by 
the standard argument we have maps fl_i : Mi Mi_i, and S = lim {/*_i : Mi Mi_i}. 

Since Gi is a normal subgroup of G of finite index, there exists a Hnite-to-one covering pq : Mq —>■ Mq, 
with 'Ki[Mq,x'q) = Cl. Then each /?_i : Mi Mq pulls back to a map gl_i : M/ — >• Mq, 
where 7ri(M',ai-) = Gi fl Gi = Gi is a normal subgroup of Gi. Thus the weak solenoid S' = 
lim {M- —)• Ml_i} is homogeneous. □ 

Suppose that 5 is a weak solenoid which defines the group chain {Gi}i>o as in Section[TJ Recall that 
Mo denotes the base manifold for S. Then in the weakly normal case, the covering of Mq defined 
by the subgroup Gi;, C Go = 'iti{Mo,xo) is simply Mi^ which is one of the coverings used to define 
the inverse limit presentation of S, and the induced solenoid on Mi^ is homogeneous. In contrast, if 
{GJ i>o is virtually regular, then for the covering M^r of Mq corresponding to the subgroup A C Go, 
then the induced solenoid on Mq as dehned in Corollarv l6.3l is homogeneous, but this need not imply 
that S is homogeneous. 


7. Kernel of a group chain 

In this section we investigate another property of group chains, the kernel of a group chain {Gi}i>o 
of finite index subgroups in a Hnitely generated group G. 

DEFINITION 7.1. Let (A, G, <i>) be a minimal eguicontinuous action, and let {Gi}i>o be a group 
chain at x G X. The kernel of the group chain {Gi}i>o at x is the intersection = f^G^. 


The following possibilities can be realized for the kernel of a group chain {Gi}i>o: 

(1) The kernel is trivial, that is, = {e}, where e is the identity element in G. 

(2) The kernel is a non-trivial normal subgroup of G. 

(3) The kernel is a non-trivial non-normal subgroup of G. 

We note that if {Hi}i>o is a group chain equivalent to {Gi}i>o, then for every i > 0 there exists 
j > i such that Gj C Hi and Hj C Gi, and it follows that 

A, = f|Gi = f|M. . 

i i 

Thus, the kernel of a group chain is invariant under the equivalence of group chains. Example 17.51 
below shows that the kernel of a group chain is not invariant under the conjugate equivalence of 
group chains. Consider also the maximal normal subgroup of the kernel, 

(21) Lx = corec Kx . 

Then Lx is an invariant of the conjugate equivalence class, so in particular it is independent of x. 
It can be identified with the kernel of the homomorphism <!>: G —)> d)(G), as seen in the following: 

LEMMA 7.2. Let (A, G, $) be a minimal eguicontinuous group action with group chain {Gi}i>o 
at X G X, let Kx = Hi Gi, and let Lx = corec Kx. Then the action G/Lx on X is effective. If Vx 
is trivial, then the action G/Lx on X is free, and so Kx = Lx. 
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Proof. To show that the action of GjLx on X is effective, we need to show that \i h ^ Lx, then 
there exists y £ X such that h ■ y ^ y. Let y £ X, then by Remark 13.81 there is a group chain 
{giGig~^}i>o at y with Ky = giGig~^, and li h - y = y, then h £ Ky. Then if h fixes every point 
in X, this implies that h £ gGig~^ for all Gi and so h £ Lx- Therefore, it h ^ Lx, there must 
he y £ X such that h - y ^ y. 

Now let Vx be trivial, and let g £ Kx, that is, g ■ x = x. For every y £ X there is h £ Aut{X, G, $) 
such that h{x) = y, and so g ■ y = g ■ h{x) = h{g ■ x) = h{x) = y. Then g £ Lx, and the action of 
G/Lx on X is free. □ 

Lemma l7. 21 states that the kernel of a group chain defining a homogeneous action is always a normal 
subgroup of G. A more interesting problem is to investigate the relationship between the kernel of 
a group chain and the discriminant group in the case when the discriminant group is non-trivial. It 
turns out that sometimes one can represent elements of the discriminant group using the elements 
in the kernel of a group chain. 

PROPOSITION 7.3. Let {X, G, $) be an equicontinuous Cantor minimal system, and let {G'i}i>o 
be a group chain at x £ X. Suppose is in the normal form, that is, for any i > 1 the bonding 

maps GifGi —>■ Gi-ijGi-i are surjective. Suppose that for every i > 0 we have 

(22) G, = KxG„ 

where Gz = [^ gGig~^. If Kx is a finite subgroup ofG, then the discriminant group Vx is finite. 
geG 

Proof. Since the group chain {Gi}i>o is in the normal form, the bonding maps GifGi -£ Gi-ijCi-i 
are surjective, and so, since Gi = KxGi, we have the following commutative diagram. 

(23) Gz_i/Gz_i i^,Gz_i/Gz_i Kx/Kx n Gz_i 



Gz/Gz - ^ KxG^|C^ -^ KxjKx n Gz 


This diagram defines the maps k)_i : Kxf Kx fl Gi —>■ Kxf Kx H Gi_i, which, by commutativity of 
the diagram, must be surjective group homomorphisms, and so there is the profinite group ICx = 
lim {Kx/Kx n Gi ^ Kx/Kx H Gi_i}, and the group isomorphism Vx —)• ICx- 

If Kx is a finite group, then there exists k > 0 such that for alH > fc the maps kI_i are the identity 
maps, and the group ICx is finite. Then the discriminant Vx is a finite group. □ 

ProDOsition l7.3l is by no means exhaustive of all the possibilities when the discriminant or the kernel 
are non-trivial, and describes only one special situation. We note that the property (1^^ need not 
be invariant under the change of the basepoint x, and there are examples of both alternatives, as 
shown in Section [51 

Recall that the definition of a stable kernel was given in Definition 11.161 We then note the above 
discussion implies the following basic result. 

PROPOSITION 7.4. Let {Gi}i>o be a group chain, and suppose the corresponding discriminant 
group Vx is nontrivial. If the kernel Kx is a normal subgroup of G, then Vx is unstable. 

Proof. The assumption implies that Kx C Gi for all i > 0, and so no element of Vx can be represented 
by an element of Kx. □ 

Finally, we give the promised examples of group chains with both stable and unstable kernels. The 
first example is similar to the example by Rogers and Tollefson in m, as described by Fokkink and 
Oversteegen in m page 3750]; we thank the referee for bringing this example to our attention. 
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EXAMPLE 7.5. Let G = {(a, &) | 6^ = e, bab = a be infinite dihedral group, and consider the 
subgroups Gi = &) \ a,b G Z}, for i > 0. Notice that the kernel Aj, = P| = {e, 6}, which is 

a finite subgroup isomorphic to Z 2 . Here x = (eGi). 

A simple computation shows that \G : Gi\ = 2®, and every coset of G/Gi is represented by a^, 
0 < A: < 2*, that is, there is a bijection G/Gi Z/2®Z. However, the quotient G/Gi is not a group, 
that is, cosets of G/Gi do not act on each other. Indeed, b G eGi, and baGi = a~^bGi = a~^Gi, 
while the action of the identity fixes each coset. 

The maximal normal subgroup of Gi in G is Gi = {a^ }, and so Gi/Ci = {eGi,&Gi} is a finite 
subgroup. Note that Gi = K^Gi, that is, the hypothesis of Proposition iTAl is satisfied. It follows 
that Vj; is finite and isomorphic to = Z 2 . The non-trivial element of Pa, is (bGi), with b G Kj,. 

In [15], Fokkink and Oversteegen computed the kernels of chains associated to points in Goo for 
the Rogers and Tollefson example. A very similar argument can be made to compute the kernels 
of group chains here, showing that if y G lim{G/Gi —>■ G/Gi_i}, then either Ky = (a^^b) for some 

integer n > 0, or Ky = {e}. 

This shows that the kernel of a group chain is not invariant under the conjugate equivalence of 
group chains, since, depending on the choice of a basepoint, it may be trivial or non-trivial. Also, 
this shows that condition (1221) in Proposition 17.31 is not invariant under the change of a basepoint x, 
and so there are choices of a group chain for this example such that an element of the discriminant 
cannot be represented by an element of the kernel of a group chain. 

Note that for the subgroup Gq = {(a, 0) | a G Z} of index 2 in G, the chain {G- = Gi Ci Gq} is 
normal. Hence the group chain {Gi}i>o is virtually regular, but is not weakly normal. 


Next, we consider examples where the elements of the discriminant group can be represented by 
elements of the kernel for any basepoint in Goo- 

EXAMPLE 7.6. Let T be a finitely generated group, and {ri}i>o be a normal group chain in T 
with kernel Tj, = (^Li. Let H he a finite simple group, and let A C H be a non-trivial subgroup. 

i 

Since H is simple, A is not normal in H. 

Let G = H X r, and Gi = A x Ti, i > 0. We show that the discriminant group Vx of this action, 
where x = (eGi), is finite. 

First note that G/Gi = (H x T)/{K x F,) = A/A x F/Fi. Denote Too = Im {L/Fi r/r,_i}. 

Then Goo = A/A x Too- To compute the discriminant group, we have to compute the normal cores 
Gi of Gi. Since G is a product, and A is simple, then we have 

^i= 9Gig~^ = {e} X Fi. 
geG 

Then Gi/Gi = A x Fi/Fi, and Sl_i: Gi/Gi —?■ Gi_i/Gi_i is an injective map of spaces, isomorphic 
to A. Therefore, Vx = {{b, eGi) \ b G A} = A is finite. 

Now let {Ai = giGig~^}i>o be a chain of conjugate subgroups at y, where gi = {ci,^/). Note 
that the projections G/Gi —S’ G/Gi-i are the identities when restricted to A/A, so one can write 
5i = (c:7i)i and then, since Fi are normal subgroups, giGig~ = cKc~^ x Fi. Then the kernel 
of the chain {Ai} is given by Ky = f] Hi = cKc~^ x Fj,. It is easy to see that the discriminant 
"Dy = cKc~^ = A, and, in particular, every element in Vy can be realized using an element in Ky. 
More precisely, Vy = {(6, eGi) | b G cKc~^}. 

REMARK 7.7. Thus, the discriminant group in Example 17.51 is unstable, and the discriminant 
group in Example 17.61 is stable. 
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8. Examples 

In this final section, we give more examples of actions of non-abelian groups, illustrating the ideas 
discussed in this paper. Our examples include the actions of the Heisenberg group, and of the 
generalized dihedral group. 


8.1. Heisenberg group. Let T-L be the discrete Heisenberg group, presented in the form T-L = *) 

with the group operation * given by (x, 1 /, z) * (a;', 1 /', 2 ;') = (x + x',y-\-y',z + z' + xy'). This operation 
is standard addition in the first two coordinates, and addition with a twist in the last coordinate. 
We think about H as I? x Z, where the 7? part is abelian, and the Z part is not. 


As in [^, consider the subgroups of Ti which can be written in the form T = MZ^ x mZ where 
M = { * J is a 2-by-2 matrix with non-negative integer entries and m > 0 is an integer. Then 


7 G r is of the form 7 = {ix + jy, kx -f ly, mz) for some x,y, z € 7. A straightforward computation 
gives the following lemma. 


LEMMA 8.1. A set T = MZ^ x mZ, where M is a matrix with integer entries, and m > 0 is an 
integer, is a subgroup if and only if m divides both entries of one of the rows of M. 


Examples of group chains, where every subgroup is normal in T-L, and so by Theorem 13.91 the action 
is homogeneous are given, for example, in [22]. By Corollary 11.111 these actions have a trivial 
discriminant group. 

We now give examples of the action of the Heisenberg group with non-trivial discriminant. 

/ qpn pqU \ 

EXAMPLE 8.2. Let Mn = 1 ^n+i ^n+i j ; where p,q >2 are distinct primes, and consider the 
action represented by a group chain Tq = H, {r„}„>i = {M„Z^ x p7}n>i- 

LEMMA 8.3. The discriminant group TAx associated to the action corresponding to the chain 
{rn} n>o is finite. The discriminant group Vx is unstable. 


Proof. We note that for x = (er„) we have Kx = n„r„ = {0} x {0} x p7, which is a normal sub¬ 
group of Tl. Then by Proposition 17.41 if Px is non-trivial, then it is unstable. 

By [22j . a subgroup of TL which has the form LZ^ x mZ is normal, if m divides every entry in L. 

pU+i pqn-+i j> consider a normal subgroup = H„Z^ x p7, where p,q are 

the same primes as in M„. Then Ln is a normal subgroup of r„ of index p. Since p is a prime, 
is maximal in r„. Therefore, for every n > 0 the cardinality of r„/L„ is p, and so the discriminant 
group Vx has cardinality at most p and is finite. Since the bonding maps Tn/Ln —>■ are 

clearly surjective, then Px is non-trivial. □ 


REMARK 8.4. The group chain in Example 18.21 is weakly normal; see Example 5.10 in the thesis 
by Dyer |8]. 

/ 0 \ 

EXAMPLE 8.5. Let A„ = ( q n j; where p and q are distinct primes, and consider the 
action represented by a group chain Go = TL, {G„}„>i = {A„Z^ x p”Z}„>i. 

LEMMA 8.6. The discriminant group Vx associated to the action corresponding to the chain 
{G„} n>o is infinite. The discriminant group Vx is unstable. 


Proof. We note that for x = (eGn) the kernel Kx = Hn i® trivial. Then by Proposition 17.41 

if Vx is non-trivial, then it is unstable. 
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By [22], a subgroup of % which has the form LI? x rnL is normal, if m divides every entry in L. So 
/ n" 0 \ 

let En =1 Q j ^ consider a subgroup 

Pn = Enl? X = p"Z X p”g”Z X p”Z, 

where p, q are the same primes as in An. Then is a normal subgroup of Gn of index p". Since 
Pn is contained in the maximal normal subgroup of G„, and p is a prime, Pn is maximal in G„. 
Therefore, for every n > 0 the cardinality of GnjPn is p"- Since the projections G„+i/P„+i are 
clearly surjective, then the discriminant group Px is infinite. □ 

REMARK 8.7. The group chain in Example 18.51 is not weakly normal; see Example 5.14 in the 
thesis by Dyer [8]. 

8.2. Dihedral and the generalized dihedral groups. We now give examples of actions of the 
dihedral group, which have infinite discriminant groups. 

EXAMPLE 8.8. Let T = = {{a, b) \ a, b G Z}. Choose two distinct primes p,q G Z, and define 

for i > 1 

Tj = {(op*, I a, 6, G Z} , and Vf = {{aq\bp'^) \ a,b, G Z} . 

Let H = Z 2 = and define a homomorphism 9: E[ —>■ Aut{Z’^) by 

9{t){a,b) = {b,a). 

Let G = r X iL, and Gi =Ti x {1}. Given g = ((a, 6), <), we have gGig~^ = Tf x {1}, and it follows 
that the core 

G, = corec G, = G, n (rf x {1}) = {(ap*g\ bfq\ 1) | a, 6 G Z}. 

That is, (agb^p®,!) and (eg®, dp®,!) in Gi are equal modulo Gi if and only if a = c mod p® and 
b = d mod g®. So card{Gi/Gi) = p’'q^. 

Now consider Vx = Hm GijGi —>■ Gi_i/Gi_i}. It is straightforward to that the bonding 

maps 6l_i: GijGi —>■ Gi-ijGi-i are surjective. Since card{GilGi) tends to infinity as i ^ 00 , the 
discriminant group Px is infinite. Since Hi i® trivial, then the discriminant group Px is unstable. 

Note that T x {1} is an abelian subgroup of G, and Gi C T x {1} for i > 1. Then Gi is normal in 
Gi for z > 1, and action is weakly normal. 

EXAMPLE 8.9. Example 18.81 can be generalized to produce a family of examples as follows. Let 
r = Z®®, and let El = An, the permutation group on n elements. Set G = T x H. Now choose n 
distinct primes pi,... ,p„, and define Ti = {(oipj, a 2 p|, ..., UnPh)} and G = rx{l}. A computation, 
similar to the one in Example 18.81 shows that the equicontinuous system given by the action of G on 
the inverse limit Goo, associated to the group chain {Gi}i>o, is infinite. Since HiTi is trivial, then 
the discriminant group Px is unstable. Since T x {1} is an abelian subgroup of G, and Gi C T x {1} 
for i > 1, the action is weakly normal. 
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Appendix A. Group chains and inverse limit representations 

In this section, given a minimal equicontinuous action (A, G, $), we construct the associated group 
chain {Gi}i>o using the methods of [4]. The group chain {Gi}i>o so constructed is dependent on 
the choice of a collection of clopen partitions of X and on the choice of a point in X. 

Let d be a metric on X. Recall that the action (A, G, $) is equicontinuous if for any e > 0 there 
exists d > 0 such that for any g € G and any x,y € X such that d{x, y) < S we have d{g■x,g-y)) < e. 
The constant S is called an equicontinuity constant for the e > 0. Recall that (A, G, $) is minimal 
if the orbit of any x € X under the action of G is dense in A. 

PROPOSITION A.l. Let (A, G, $) be a minimal equicontinuous action, and let x € X be a 
point. Then there exists an infinite sequence of closed and open sets X = D D D ■ • • 
with {a;} = which have the following properties. 

i>l 

(1) For i > 1 the eolleetion Vi = {g ■ | g € G} is a finite partition of X into clopen sets. 

(2) We have diam{V^^'^) < for all 1 < k < Hi. 

(3) The collection of elements whieh fix R/*\ that is, 

G. = {g&G\g- R« = R«}, 

is a subgroup of finite index in G. More precisely, |G : Gi| = card{Vi). 

(4) There is a homeomorphism fi: X ^ Goo = hm {G/Gi+i —>■ G/Gi} equivariant with respect 

to the aetion of G on X and Goo, which maps x onto (eGi) G Goo. 

Proof. Let 0 < ei < 1/2, and 0 < Si+i < Eij^ for i > 1, be a sequence of real numbers. Recall that 
for any two sets U,V G X the distance between R and U is given by 

dist(U, V) = inf{d(M, v) \ u € U,v G V }. 

Choose a finite clopen partition of A, = {w[^\ ..., Wn^^} such that < Si. Since 

the sets in are disjoint, and is finite, there exists a number ei > 0 such that 

(24) ii < min{ei, {dist(W^^\ I * J/ 1 < b/ < ^}}- 

Let d(ei) be an equicontinuity constant for ei. For each x G X, we define a coding function 
Gx^^: G —>■ {1, ...,n} as follows. 

(25) = i if and only ii g ■ x G IR/^^. 

That is, the coding function of x tells us which set of the partition contains g ■ x. 

For each x G X, consider a set of points in A which have the same coding functions as x, that is, 

(26) K = {ygA|G«=GW}. 

li X G IR/^\ then ci^\e) = i, where e S G is the identity element. Then R^ C 1R/^\ and so the 

collection {Rc}xga is a refinement of W^. Then by (1^ we have diamiVx) < ei. 

LEMMA A.2. The collection Vi is a finite clopen partition of X. 

Proof. First we show that for any x G X, the set Re is open, that is, for any x' with d{x, x') < (5(ei), 
we have 

C^^Ha) = C^x^a) for all g G G. 

Indeed, suppose g G G, and let d(a;, t') < d(ei). Since the action is equicontinuous, d{g-x,g-x') < ii. 
Then ii g ■ x G we must have g ■ x' G as well, since by (l24t ei is less than the distance 

between any two sets in Thus Gji;^\g) = G^l^g) = i. 
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We now show that the sets {Vx} are disjoint, that is, if T4 n 5 ^ 0, then Vx = Vy. Let z GVxCiVy. 
Since z G T4, then for any g € G we have 




Since z GVy, then for any g € G we have 

= C-f ^5). 


Therefore, Gi^\g) = Gy^\g), which implies that Vx = Vy. Since every 14 is an open set, the 
collection Vx is an open cover of X by disjoint sets. Since X is compact, this cover is finite. Then 
the complement of each I 4 is a finite union of open sets, and so must be open. Therefore, Vx is also 
closed. □ 


Let Ki be the cardinality of Vi, and let Vi = {V}^\ ..., V^l'^} with x G 

LEMMA A.3. The action of G permutes the sets of Vi, that is, for each G Vi and each 
g & G, g ■ = Vj^'^ for some I < j < Ki. 


Proof. Suppose x,y G vl^\ By the definition of g ■ x,g ■ y are in the same Wk for all g & G. 
Let g ■ X G vj^^ C Wk and g ■ y & Vm'’ C Wk for some g € G, and suppose j ^ m. Then for some 
g' GG 

Cg.xW) = I, and Gg.y{g') = 

where i ^ P. Then g'g • a; G 114 and g'g ■ y G 114', where 114 and 114' are distinct sets in This 

is not possible, since x,y € V^^\ the same set of the partition Vi. It follows that j = m. □ 

Let Gi = {g £ G \ g ■ V^^^ = be the isotropy subgroup of the action at V^^\ that is, Gi is the 
set of elements which fix V^^K Lemma FA. 41 shows that Gi has finite index in G. 

LEMMA A.4. There is a natural bijective map GjGi, and so 

|G : Gil = card{Vi). 


Proof. Define ^I'.Vi —>■ G/Gi by <^ 1 ( 14 ^^^) = 5 G 1 if and only if g ■ V^^ = V^^\ To see that 
this map is well-defined, suppose h G gGi. Then g~"^h G Gi, and so g~^h ■ = V^^K Then 

h ■ l/j^^ = g{g~^h) ■ = g ■ 14 ^^^ On the other hand, let g ■ 14 *-^^ = h ■ 14 *-^^ for g,h G G. Then 

g~^h G Gi, and so 5 G hGi. □ 


We now perform the inductive step of the construction. Suppose we have a group chain G = Go D 
Gi D • ■ • D Gi and a sequence of refining partitions Vi,V2, ■ ■. ,'Pi satisfying the conditions of 
ProDOsition lA.ll that is, diamiV'lf’) < Si for each G Vi, the group Gi is the isotropy group at 
1/^(0 g -p.^ _ card{Vi), and the sets in Vi are permuted by the action of G. 

Let be a partition of X refining Vi, such that diamfWk) < Ei+i for all Wk G For 

each X G X, define the coding functions Gx~^^^: Gi —>■ lyb-i-i) by 

{ 9 ) = fc if and only if g • a; G Wk, 

and let 14 = {y G A I Gx'^^\g) = Gy'^^\g) for every g G G}. By an argument, similar to the one 
in Lemmas IA.21 lA.dl and IA.41 one shows that Vi+i = {14}xeA = ..., is a clopen 

partition of X with x G 14 *-*’'’^^ and the following properties. 

(1) diam{V^''~''^^) < e^+i for every G Vi+i, 

(2) The partition Vi+i refines and so refines Vi, 

(3) The action of G permutes the sets of Vi+i, 

(4) Gi+i = {g & Gi \ g ■ is a subgroup of G^. 
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(5) There is a bijective map ^i+i: Vi —>■ GjGi, and so |G : Gi+i\ = cardij’i+i) and Gi+i has 
finite index in G. 

Now suppose we have a collection {7^i}i>o of finite clopen partitions of X as above, and let 
d\_i : G/Gi GjGi-i be the inclusion of cosets. Then the inverse limit 

Goo — liui : G/Gi G/Gi_i} c G/G^ 

i 

is a Cantor set in the relative topology from the product topology on Hi The left action of 

G on Goo is defined by 

G X Goo Goo : (h, {giGi)) i—?■ (hgiGi). 

For every Vi, let ji{x) = if and only if x € Then there are G-equivariant maps 

(27) (pi = (/i o ji'. X ^ G/Gi, 

where pi is defined in Lemma IA.4I It is readily verified that the mappings pi are compatible with 
the bonding maps 9l_^, and so there is a continuous map 

(28) P-. X ^ Goo G/G, ^ G/G,_i}. 

Since every coset space G/Gi is finite, and pi are surjective maps, by Corollary 1.1.6] the map 
p is surjective. 

Let x,y G X, and choose i > 1 such that £i < d(x,y). Since sets in Vi have diameter less than £i, 
X and y are in different sets of Vi, and so pi{x) ^ pi{y), and p{x) ^ P{y)- Thus p is injective, and 
in fact a homeomorphism. Since the action of G permutes sets in Vi, the mapping p: X ^ Goo is 
equivariant with respect to the action of G. □ 

Given an equicontinuous minimal group action (A, G, $) on a Cantor set X, Proposition |AT] asso¬ 
ciates to it a nested group chain {Gi}i>o. This group chain depends on the choice of the collection 
of refining clopen partitions {Vi}i>o, and on the choice of a point x G X. 
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